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fT^ , The concept of maximum local connectivity k of a graph was introduced by BoUobas. One of the 

problems about it is to determine the largest number of edges f{n;K < I) for graphs of order n that 
have local connectivity at most i. We consider a generalization of the above concept and problem. For 

^j , S C V{G) and \S\ > 2, the generalized local connectivity k.{S) is the maximum number of internally 

r) ' disjoint trees connecting S in G. The parameter 'KkiG) = max{hi{S)\S C V{G), \S\ = fc} is called the 

maximum, generalized local connectivity of G. This paper it to consider the problem of determining 
the largest number f{n\'Kk < (■) of edges for graphs of order n that have maximum generalized local 
connectivity at most l. The exact value of /(n; 'Kk < (■) for fe = n, n — 1 is determined. For a general 
k, we construct a graph to obtain a sharp lower bound. 
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^ ' 1 Introduction 

m ^ 

All graphs considered in this paper are undirected, finite and simple. We refer to book [5] for graph 
theoretical notation and terminology not described here. For any two distinct vertices x and y in G, 
/^ . the local connectivity KG{x,y) is the maximum number of internally disjoint paths connecting x and y. 

j^ , Then k(G) = inm{KG{x,y)\x,y € V{G),x ^ y} is defined as the connectivity of G. In contrast to this 

parameter, k(G) = max{K(3(a;, y)|x, y S V{G),x ^ y} , introduced by Bollobas, is called the maximum 
local connectivity of G. The problem of determining the smallest number of edges, /ii(n; k > r), which 
guarantees that any graph with n vertices and hi(n]K > r) edges will contain a pair of vertices joined 
by r internally disjoint paths was posed by Erdos and Gallai, see [T] for details. Bollobas [2] considered 
the problem of determining the largest number of edges, f{n; k < £), for graphs with n vertices and local 
connectivity at most £, that is, f{n;K < £) ^ max{e(G)||V^(G)| = n and k{G) < £}. One can see that 
/ii(n; K > i'+ 1) = /(n; K < £) + 1. Similarly, let XG{x,y) denote the local edge-connectivity connecting x 
and y in G. Then X{G) = i[nm{XG{x,y)\x,y € V{G),x ^ y} and A(G) = max{AG(a;,y)|a;, y G V{G),x ^ 
y} are the edge-connectivity and maximum local edge-connectivity, respectively. So the edge version of 
the above problems can be given similarly. Set g{n;X < £) = max{e(G)||F(G)| = n and A(G) < £}. Let 
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h2{n; X > r) denote the smallest number of edges which guarantees that any graph with n vertices and 
h2{n]K > r) edges will contain a pair of vertices joined by r edge-disjoint paths. Similarly, h2(n; X > 
^ + 1) — g{n; X < i) + 1. The problem of determining the precise value of the parameters f{n;'K < £), 
g{n; X < i), hi{n;K > r), or /i2(n; k > r) has obtained wide attention and many results have been worked 

out; seeniaiiiiiiiiniiniiiHiiin]- 

In |11| . we generalized the above classical problem. Before introducing our generalization, we need 
some basic concepts and notions. For a graph G = (V, E) and a set S CV oi a,t least two vertices, an S- 
Steiner tree or a Steiner tree connecting S (a Steiner tree for short) is a such subgraph T{V' , E') of G that 
is a tree with S C V' . Two Steiner trees T and T' connecting 5" are internally disjoint if E{T)riE{T') — 
and V{T)nV{T') = S. For S C V{G) and \S\ > 2, the generalized local connectivity k{S) is the maximum 
number of internally disjoint trees connecting 5* in G. Note that when jS*! = 2 a Steiner tree connecting 
S is just a path connecting S. For an integer k with 2 < fc < n, the generalized connectivity, introduced 
by Chartrand et al. in 1984 [6], is defined as Kk{G) = min{K{S)\S C V{G), \S\ = k}. For results on 
the generalized connectivity, see [HJ [T31 [131 [H] . Similar to the classical maximum local connectivity, 
we |11| introduced the parameter Kfc(G') = max{K{S)\S C V{G), \S\ ~ fc}, which is called the maximum 
generalized local connectivity of G. There we considered the problem of determining the largest number 
of edges, f{n;Kk < £), for graphs with n vertices and maximal generalized local connectivity at most 
£, that is, f{n\Kk < (■) = max{e(G)||y(G)| = n and Kk{G) < £}. We also considered the smallest 
number of edges, hi(n]Kk > r), which guarantees that any graph with n vertices and hi{n;Kk > r) 
edges will contain a set S" of fc vertices such that there are r internally disjoint S-trees. It is easy to 
check that hi{n;Kk > ^ + 1) = .f{n;Kk < i) + I ior < i < n - [fc/2] - 1. In [11], we determine 
that f{n;7i3 < 2) = 2n — 3 for n > 3 and n ^ 4, and f{n;K3 < 2) — 2n — 2 ior n = A. Furthermore, 
we characterized graphs attaining these values. For general £, wc constructed graphs to show that 
/(n; K3 < £) > ^(n - 2) + i for both n and fc odd, and /(n; Kg < £) > ^{n - 2) + 1 otherwise. 

We continue to study the above problems in this paper. The edge version of these problems are also 
introduced and investigated. For S C V{G) and \S\ > 2, the generalized local edge-connectivity X{S) is 
the maximum number of edge-disjoint trees connecting S in G. For an integer fc with 2 < fc* < n, the 
generalized edge-connectivity |16) is defined as Afc(G) — min{X{S)\S C V{G), \S\ = fc}. The parameter 
Afe(G) = max{X{S)\S C V{G),\S\ = fc} is called the maximum generalized local edge- connectivity of 
G. Similarly, g{n]Xk < i) ~ max{e(G)||F(G)| = n and Afc(G) < £}, and /i2(n;Afc > r) is the smallest 
number of edges, h2{n; Xk > r), which guarantees that any graph with n vertices and /^2(?^; A^ > r) edges 
will contain a set 5" of fc vertices such that there are r edge-disjoint iS-trees. Similarly, h2{n] Afc > £+ 1) = 
gin;Xk < £) + 1 for < £ < n - [fc/2] - 1. 

The following result, due to Nash- Williams and Tuttc, will be used later. 

Theorem 1. (Nash- Williams \19^ .Tutte \21f ) A multigraph G contains a system of i edge-disjoint span- 
ning trees if and only if 

\\G/n>eim-^) 

holds for every partition ^ ofV(G), where \\G/S^\\ denotes the number of edges in G between distinct 
blocks of <^ . 

With the help of Theorem [U this paper obtains the exact value of f{n;Kk < £) and g{n; Xk < t) for 
k — n,n — 1. The graphs attaining these values are characterized. It is not easy to solve these problems 
for a general fc (3 < fc < n). So we construct a graph class to give them a sharp lower bound. 

To start with, the following two observations are easily seen. 



Observation 1. Let G be a connected graph of order n. Then 

(1) i^k{G) < Xk{G) andKk{G) < Xk{G); 

(2) Kk{G) < -KkiG) and Afe(G) < Afc(G). 

Observation 2. If H is a spanning subgraph of G of order n, then Kk{H) < HkiG), Xk{H) < Xk{G), 
Tik{H)<KkiG) andXk{H)<XkiG). 

In [12], we obtained the exact value of Xk{Kn). 
Lemma 1. MG^ Let n and k be two integers such that 3 < k < n. Then 

Xk{K„)^n-\k/2] 

From Lemma [1] we can derive sharp bounds of Afe(G). 

Observation 3. For a connected graph G of order n and 3 < k < n, 1 < Afc(G) < n — [k/2~\ . Moreover, 
the upper and lower bounds are sharp. 

Proof. From the definitions of Afe(G) and Afe(G) and the symmetricity of a complete graph, Xk{Kn) = 
Xk{Kn) = n — [I]. So for a connected graph G of order n it follows that Xk{G) < Xk{Kn) = n — [|]. 
Since G is connected, Afc(G) > 1. So 1 < Afe(G) < n - [|] . D 

One can easily check that the complete Kn attains the upper bound and any tree T of order n 
attains the lower bound. Combining Observation [3] with (1) of Observation [U the following observation 
is immediate. 

Observation 4. For a connected graph G of order n and 3 < k < n, 1 < KkiG) < n — \k/2~\ . Moreover, 
the upper and lower bounds are sharp. 

2 The case k = n 

In this section, we determine the exact value of /(n;Afc < £) for the case k = n. This is also a 
preparation for the next section. From Observation [31 1 < A„(G) < [^J. In order to make the parameter 
f{n; Afc < £) to be meaningful, we assume that 1 < i < [f J . Let us focus on the the case 1 < I < L'^^T^J 
and begin with a lemma derived from Theorem [TJ 

Lemma 2. Let G be a connected graph of order n {n > 5). If e(G) > ("2^) + ^ (1 < ^ < L'^^J) '^'^'^ 
5{G) > £ + 1, then G contains £ + I edge-disjoint spanning trees. 

Proof. Let ^ = IJf^]^ Vi be a partition of V{G) with \Vi\ — Ui {1 < i < p), and £p be the set of edges 
between distinct blocks of £P in G. It suffices to show \£p\ > {£+ l)(p— 1) so that we can use Thcorcm[TJ 

The case p = 1 is trivial, thus we assume p > 2. For p = 2, we have ^ = Vi U V2. Set l^il = ni. 
Then IV2I =n-ni. If ni = 1 or ni =n-l, then \£2\ = li^ciV^i, ^2]! >£+! since J(G) >£+l. Suppose 
2 < m < n - 2. Then l^sl = |£^g[Vi, ^^2]! > ("2 ^) + ^ - (7) - {%''') = -nj + nm + £ - (n - 1). Since 
2 < ni < n — 2, one can see that 1^2 1 attains its minimum value when ni = 2 or ni = n — 2. Thus 
\£2\ > n ~ 3 + £ > i + 1. So the conclusion is true for p = 2 by Theorem [TJ 



Consider the case p = n. To have |£„| > (£ + !)(«. — 1), we must have ("2 ^) +^ — (^+ 1)('^ ~ l)i that 
is. {n — 21 — 3)(n — 2) > 2. Since £ < [^^^^J, this inequahty holds. The case p = n — 1 can be proved 
similarly. Since \£u-i\ > ("2 ^) + £ - 1, we need the inequality ("-iK"-^) _,_ ^ _ 1 > (-^ _^ i)(-„ _ 2), that 
is, (n - 2£ - 3)(n - 3) + {ri - 5) > 0. Since £ < L^J, this inequality holds. 

Let us consider the remaining case p for 3 <p< n — 2. Clearly, |fp| > e(G) — ^^^-^ ('2) > ("2^)+^^ 
ELi ('2)- Wc will show that ("-') +^-ELi ("2) > (^+l)b- 1). that is, ("- ') +^- (^+ l)(p- 1) > 
Er=i ("2)- Actually, we only need to prove that ("-iK"^^) _ ^^ _^ ^^^^ - 2) - 1 > maxj^f^^ ('^')}. 
Since /(rii, n2, ■ • ■ , ^^p) = Yl^=i {2) a-chieves its maximum value when ni ~ n2 = ■ ■ ■ = rip-i = 1 and 
np = n - p + 1, we need the inequality ("-iH"-^) _ (£ + i)(p _ 2) - 1 > (i)(p - 1) + (""P+^), that 
is, (n — l)(?i — 2) — 2(^ + l)(p — 2) — 2 > (?i — p + l)(7i — p). Thus this inequality is equivalent to 
{p — 2){2n — p — 2£ — 3) > 2. Since 1 < i < L'^^r^J and 3 < p < n — 2, one can see that the inequality 
holds. Thus, \£p\ > {£+l){p— 1). From Theorem[Tl we know that there exist i+1 edge-disjoint spanning 
trees, as desired. D 

In [TB], the graphs with nk{G) = n — [-1] and Afc(G) = n — [|] were characterized, respectively. 
Lemma 3. fJ6] / For a connected graph G of order n and 3 < k < n, Kk{G) = n — \ ^~\ or Xk{G) = n — \ ^~\ 



if and only if G = Kn for k even; G ~ Kn\M for k odd, where M is an edge set such that < |A/| < —i^ 



Note that Kn{G) = A„(G) = k„(G) = A„(G). From the above lemma, we can derive the following 
corollary. 

Corollary 1. For a connected graph G of order n, Kn{G) = k,i(G) = A„(G) = A„(G) = [^J if and only 
if G = Kn for n even; G = Kn \ M for n odd, where M is an edge set such that < |A/| < ^^^ . 

Let Qn be a graph class obtained from a complete graph Kn-i by adding a vertex v and joining v to 
£ vertices of Kn^i- 

Theorem 2. Let G be a connected graph of order n (n > 6). // A„(G) < i {1 < i < [f J), then 

ifl<e<[^\; 

if £ ~ L'^^T^J '^"■'^ " *'5 even; 
if £ ^ L'^^T^J '^"■'^ " *'5 odd; 

with equality if and only if G E Gn for 1 < £ < L^^T^J ■' G ~ Kn \ e where e G E{Kn) for i ~ \J^^-^\ o,nd 
n even; G = Kn\M where M C E{Kn) and \M\ = '^^ for £ = [^J and n odd; G ^ Kn for £ ^ [f J . 

Proof For l<£< \J^\ , if e(G) > ("" ^) + {£ + 1), then 5{G) >£+l. From Lemma[2l A„(G) > ^ + 1, 
which contradicts to A„(G) < £. So e(G) < ("" ^) + £ ioi 1 < £ < [^\. For £ = [s^J and n even, 
e(G) < ("2 ^) + n - 2 by CoroUaryfH By the same reason, e(G) < ("2 ^) + ^^ for £ = l'-^\ and n odd. 
li£^ [f J, then for any connected graph G Afc(G) < £ by Observation H So e(G) < (2). 

Now wc characterize the graphs attaining the upper bounds. Consider the case 1 < £ < L^^T^J ■ 
Suppose that G is a connected graph such that e(G) = ("2 ^) + ^- Clearly, (5(G) > £. Assume S{G) > 
£ + I. Since e(G) = ("2^) + ^j G contains £ + 1 edge-disjoint spanning trees by Lemma [U namely, 
A,i(G) > £ -I- 1, a contradiction. So (5(G) = £, and hence there exists a vertex v such that dciv) ~ £. 
Clearly, e(G — v) = ("2 )• Thus G — w is a clique of order n — 1. Therefore, G G Qn- For n even and 
£ = [2i^J, let e(G) == ("2 ^) +n-2. Obviously, G == A'„\e, where e G £;(i^„). For n odd and £ = [^J, 




let e(G) = ("2^) + '^. Clearly, G = A'„ \ M, where A/ C S(X„) and |A/| = ^. For £ = [f J, if 
e(G) = (^), then G = ir„. D 

Corollary 2. for 1 < ^ < [f J and n > 6, 



("-^) +e, if l<i< L^J or £ = [^J and n is odd; 
/(n;K„ <£) = .g(n;A„ <£)= <j ("^ ^j + 2£, i/ £ = [^J and n is even; 

3 The case k = n — 1 

Before giving our main results, we need some preparations. From Observation |4l wc know that 
1 < Kn-i{G) < L'^^^J- So we only need to consider 1 < £ < L^^^J- I^ order to determine the exact 
value of /(n; K„_i < £) for a general £ {I < £ < L'^^J): '^^ fi^st focus on the cases £ = L^^J ^^'^ L^^^J- 
This is also because by characterizing the graphs with k„_i(G) = [^^^J and [^^^J, we can deal with 
the difficult case ^ = [^^J. 

3.1 The subcases i = [^J and i = [^J 

Let us begin this subsection with a useful lemma in jl6) . 

Let S C V{G) such that \S\ = k, and 5^ be a maximum set of edge-disjoint trees in G connecting S. 
Let ^i be the set of trees in ^ whose edges belong to E{G[S]), and =3^ be the set of trees containing at 
least one edge of Eg[S, S]. Thus, ^ = ^ U ^ (Throughout this paper, ^, ^, ^ are defined in this 
way). 

Lemma 4. f_?6] / Let S C V{G), \S\ ~ k and T be a tree connecting S . IfT€ 3^i, then T uses fc — 1 edges 
oJE{G[S])\JEg[S,S]; IfTe ^%, then T uses k edges of E{G[S]) U Eg[S,S]. 

The following results can be derived from Lemma |H 
Lemma 5. Let G = A'„ \M be a connected graph of order n (n > 4), where M C E{Kn). 

(1) Ifn IS odd and \M\ > 1, i/ien A„_i(G) < ^; 

(2) Ifn is even and \AL\ > '^, then A„_i(G) < ^. 

Proof (1) For any 5 C V{G) such that \S\ = n - 1, obviously, |5| = 1 and e G E{G[S]) U Eg[S, S]. Let 

l^il =a;and|5^| = y. Then 15^2 1 =y~x. Clearly, \^i\ < L^^J = ^- Since (n-2)|^i| + (n-l)|5'2| < 
\E{G[S]) U Eg[S,S]\, it follows that (n - 2)x + {n - l){y - x) < {'^) - 1. Then X{S) = \.^\ = y < 

X I »i 1 ^ n+1 1 ^ n+1 q„ T (r-i\ ^ n+1 

(2) In this case, for any S C V(G) such that \S\^n- 1, we have \S\ = 1 and e e E{G{S\) U Eg{S, S\. 
Let \Sri\ = x and \Sr\ = y. Then l^^sl ^ y - x. Clearly, |=^i| < L^^J = L^J = ^- Since 
(n - 2)|^i| + (n - 1)|^2| < \E{G\S\) U -Bg[S',5]|, it follows that (n - 2)x + (n - l)(y - x) < Q) - f . 
Then A(5) = |.^| = y < ^ + | - ^^^ < | _ _i_ < |. So A„_i(G) < f. D 

With the help of Lemmas |3] and [5] and Observation [TJ the graphs with 7c„_i(G) = L^^J can be 
characterized now. 



Proposition 1. For a connected graph G of order n {n > 4), k„_i(G) = L^^2^J */ '^'^'^ ''^^V if G — Kn 
for n odd; G = Kn \ M for n even, where M is an edge set such that < |M| < ■^^^■ 

Proof. Consider the case n odd. Suppose that G is a connected graph such that k„_i(G) = ^^^- In 
fact, the complete graph Kn is a unique graph attaining this value. Let G = A'„ \ e where e G E(Kn). 
From (1) of Lemma [5] and Observation [TJ k„_i(G) < A„_i(G) < ^^^. Conversely, if G = Kn, then 
Kn-i{G) > K„_i(G) = ^^^ by LemmaEl Combining this with Observational k„_i(G) = ^^. 

Now consider the case n even. Assume that G is a connected graph such that k„_i(G) = f . If 
G := Kn \ M such that \M\ > f , then k„_i(G) < A„_i(G) < f by (2) of LemmaE] So < |il/| < ^. 
Conversely, if G = Kn \ M such that < |A/| < ^, then k„_i(G) > k„_i(G) = f by LemmaH From 
this together with Observational k„_i(G) = f • □ 

Proposition 2. Fo?- a connected graph G of order n {n > 4), A„_i(G) = L'^^^J */ '^"■'^ "^^2/ */ G = iir„ 
/or n orfd; G = A'„ \ Af /or ri even, where M is an edge set such that < |Af | < ■^^^■ 

Proof. Assume that G is a connected graph satisfying the conditions of Proposition [21 From Observation 
[ijand Proposition [l] it follows that A„_i(G) > k„_i(G) = [^^^^J- Combining this with Observation [3l 
A„-i(G) = L^4^J- Conversely, suppose A„_i(G) = L^^J- For "- odd, if G = ii'„ \ e where e G E{Kn), 
then K„_i(G) < A„_i(G) < ^^±1 by (^\^ of LemmajSl So the complete graph Kn is a unique graph attaining 
this value. For n even, if G = Kn \ M where M G E{Kn) such that |i\/| > §, then A„_i(G) < [^J by 
(2) of Lemma El So < \M\ <'-^. U 

We now focus our attention on the case £ = [^^^^^J • Before characterizing the graphs with A,i_i(G) = 
[^^^^J, we need the following four lemmas. The notion of a second minimal degree vertex in a graph G 
will be used in the sequel. If G has two or more minimum degree vertices, then, choosing one of them 
as the first minimum degree vertex, a second minimal degree vertex is defined as any one of the rest 
minimum degree vertices of G. If G has only one minimum degree vertex, then a second minimal degree 
vertex is as its name, defined as any one of vertices that have the second minimal degree. Note that a 
second minimal degree vertex is usually not unique. 

Lemma 6. Let G = Kn \ M he a connected graph of order n, where M C E{Kn). 

(1) Ifn{n> 10) is even and \M\ > S^, then A„_i(G) < ^; 

(2) If n {n > 10) is even, n + 1 < \M\ < "~ and there is a second minimal degree vertex, say ui, 
such that doiui) < ^^, then A„_i(G) < ^^; 

(3) Ifn{n> 8) is odd and \M\ >n-l, then A„_i(G) < ^. 

Proof (1) For any S C V{G) such that |5| = n - 1, obviously, |5| = 1 and e G E(G[S]) U Eg[S,S]. 
Set S = V{G) \ V where v G V{G). Since G is connected graph, it follows that dciv) > 1 and hence 
dK„lM]{v) < n-2. So \M n A"„[5']| > ^ - (n - 2) = f and \E{G[S])\ < ("3^) - f . Therefore, 

l-^il < ^"n-2'^ = ^ - TT^ < ^' namely, |^i| < ^. Let |^i| = x and |^| = y. Then \.%\ =y-x. 
Since (n-2)|^i| + (7i-l)|5^2| < |A(G[S'])U^g[5',5]|, it follows that (n-2)a;+(n-l)(y-a;) < Q)-^- 
Then X{S) = |^| ^ j, < -^ + | - ^^ < «_2 _ _i_ < «_2. go A„_i(G) < h^. 

(2) Let V be the vertex such that dciv) = S{G). Then dciv) < daiui) < '■^. For any S C V{G) with 
5*1 = n — 1, at least oneof ui,w belongs to S, say wi G S. Hence A„_i(G) < X{S) < dciui) < ^^ < ^3^. 

(3) The proof of (3) is similar to that of (1), and thus omitted. D 



Lemma 7. Let H be a connected graph of order n — I. 

(1) Ifn {n > 5) is odd, e{H) > ("" ),- S{H) > ^^^ and any two vertices of degree ^^^ are nonadjacent, 
then H contains ^^^^^ edge- disjoint spanning trees. 

(2) If n {n > 7) is even, e{H) > ("~ ) — ^^^y^, ^{H) > ^^^ and any two vertices of degree ^^^ are 
nonadjacent, then H contains ^^^ edge-disjoint spanning trees. 

Proof. Wc only give the proof of (1), (2) can be proved similarly. Let ^ — IJf^]^ Vi be a partition of 
V{H) with \Vi\ — Hi (1 < i < p), and £p be the set of edges between distinct blocks of ^ in H. It suffices 
to show |i?p| > ^^Y^d^l — 1) so that we can use Theorem [TJ 

The case p = 1 is trivial, thus we assume p > 2. For p = 2, we have ^ = Vi U V2. Set \Vi \ = ni. Then 
IF2I = n - 1 - ni. If ni = 1 or ni = n ~ 2, then jfal = \Eg[Vi,V2]\ > ^ since 6{H) > ^. Suppose 
2 < m < n - 3. Clearly, {S^l = \Eg[Vi,V2]\ > (""') - ('^^ " (""V"') = -"? + ('^ - l)'^i - (" " 2)- 
Since 2 < rii < n — 3, one can see that 1^2 1 attains its minimum value when ni = 2 or rii = n — 3. Thus 
^2! > n — 4:> 2-^ since 71 > 5. So the conclusion holds for p = 2 by Theorem [TJ 

Now consider the remaining case p with 3 < p < 7i — 1. Since \£p\ > e{H) — X^iLi ('2 ) — ("2^) ~ 
ELi ("2), we need to show that Cf)~j:U ("2') > ^(p- 1), that is, ("f)^^^ip~-l) > ^f^^ (-). 
Furthermore, we only need to prove that ("2 ) ^■^T^(P^-'^) — "^'^^iX^iLi ('2)}- Since /(rii, 712, •• • ,r7,p) — 
Sr=i ('2O E^ttains its maximum value when rii = 71,2 = • • • = 77p_i = 1 and Up ~ n — p, we need the 
inequality ("2^) - 2_^(p- 1) > Q)(p- 1) + ("2^), that is, ip-3){n-p-l) > 0. Since 3 <p< ?i-l,one 
can see that the inequality holds. Thus, \£p\ > ^^^{p—1). From Theorem[Tl there exist ^^^ edge-disjoint 
spanning trees. D 

The following theorem, due to Dirac, is well-known. 

Theorem 3. f3l(p-4S5) Let G be a simple graph of order n (n > 3) and minimum degree S. If S > j, 
then G is Hamiltonian. 

Lemma 8. If n {n > 8) is odd and G = Kn \ M such that \M\ = n — 2, then k„_i(G) > ■^^^. 

Proof Clearly, e{G) = {"~^) -t- 1. Let v be the vertex such that dciv) = S{G) = r. Choose S = V{G)\v. 
Then |5| = n — 1. We distinguish the following cases to show this lemma. 

Case 1. 1 < S{G) < ^. 

If 5{G) = r = 1, then e(G — v) — ("2 ^), which implies that G — w is a clique of order n— 1. Obviously, 
G[S] contains ^^^ trees connecting S, namely, k„_i(G — v) > ^^^^. Therefore, k„_i(G) > ^^'^. 

Suppose (5(G) = r >2. Since dciv) < ^2^, it follows that dK„[M] (v) >n-l- ^^ = '^^. Combining 
this with \AI\ = n - 2, |M n E{K„[S])\ <n-2-S_J. < n^^ namely, G[S] is a graph obtained from a 
clique of order 77, — 1 by deleting at most ^^^ edges. So 6{G[S]) > 77, — 2 — ^i^ — ^^Y^- Assume that there 
exists a vertex in S, say ui, such that da[s]{ui) < ^^±1. That is dG[s]{ui) — ^^ or dG[s]{ui) = ^^^. 
Then dciui) < ^^^, and hence dK„[M]{ui) > n — 1 — '^^^ = ^^^. We claim that the degree of each 
vertex oi S\ui is larger than ^^^^^ in G[S]. Assume, to the contrary, that there exists a vertex in 5 \ ui, 
say U2, such that <iG[s]('"2) < ^^^- Then ^0(^2) < -^^^i and hence rf/i'„[A/](''^*2) > ^^^- Therefore, 
\M\ > dK„iM]iv) + dK„[M]{ui) + dK^[M]{u2) > ^^ + 2 • ^^ = ^^"2" > 77 - 2, a contradiction. From 
the above, we conclude that there exists at most one vertex in G\S] such that its degree is ^^^^ or ^^^j^. 
Since 5[G[S\) > ^^-j-'-, from Theorem [3] G [5] is Hamiltonian and hence G[S] contains a Hamilton cycle C. 
Let S — {ui,U2, • ■ • , Un-i} such that vui £ E{G) (1 < 7 < r). Clearly, vuj & M (r + 1 < j < n — 1). 



Then the vertices ui,U2,- ■ ■ ,Ur divide the cycle C into r paths, say Pi, P2, ■ • • ,Pr', see Figure 1 (a). We 
choose one edge e^ S E{Pi) (1 < i < r) to delete that satisfies the following conditions: 

O if there is no vertex of degree ^^^^ in G[S], then e^ is chosen as any edge in Pi] 



if there exists one vertex u of degree ^^^ in G[S], then e^ is chosen as any edge in Pi that is incident 



with 





Figure 1. Graphs for Lemmas H] and [3 



Then T = vui U vu2 U • • • vur U (Pi \ ei) U (P2 \ 62) • • • {Pr \ Gr) is a Steiner tree connecting S. Set 
Gi = G\ E{T). Clearly, 5{Gi[S]) > ^^^ and there is at most one vertex of degree ^^^y^- Combining this 
with e{Gi[S]) = e(G) - {n - 1) = ("2^) - (n - 2) = ("2^), Gi[S] contains ^ spanning trees by (1) of 
Lemma [71 These trees together with the tree T are ^.^ trees connecting S, namely, k„_i(G) > ■^^^• 

Case 2. ^ < (5(G) <n-l. 

Let S* = ^(G) \ w = {wi, • • • ,u„_i}. Without loss of generality, let 5*1 = {wi, ■ • • ,Ur} such that 
vu, e £;(G). Then 2±i < r < n - 1, and 5*2 = 5 \ 5i = {it^+i, • • • ,w„_i}. Since dG(w) = S{G) > ^, 
it follows that \Si\ ^ r > 6{G) > ^±1 and |S'2| =n-l-r<n-l-S±i= liz^. For each Uj G 
5*2 (?* + 1 < j < n — 1), Wj has at most ^^^ neighbors in 6*2 and hence \Ec[uj, Si]\ > ^^^ — ^^^ = 3 since 
daiuj) > S{G) > ^^^. Clearly, the tree T' ~ vui'Jvu2U- ■ -Uvur is a Steiner tree connecting Si. Our idea 
is to seek for n—l — r edges in Eq[Si, S2] and combine them with T' to form a Steiner tree connecting S. 
Choose the one with the smallest subscript among the maximum degree vertices in S'2, say u'l. Then we 
search for the vertex adjacent to w'l with the smallest subscript among all the maximum degree vertices in 
Si, say u'l- Let ei = u'lu". Consider the graph Gi = G\ ei. Pick up the one with the smallest subscript 
among all the maximum degree vertices in S'2 \ m'i, say Uj- Then we search for the vertex adjacent to u'2 
with the smallest subscript among all the maximum degree vertices in Si, say Mj- Set 62 = M2W2- ^^ 
consider the graph G2 = Gi \ 62 = G \ {ei, 62}. Choose the one with the smallest subscript among all 
the maximum degree vertices in iS'2 \ {u'l, U2}, say Ug. Then we search for the vertex adjacent to U3 with 
the smallest subscript among all the maximum degree vertices in Si, say U3. Let 63 = U3M3. We now 
consider the graph G3 = G2 \ 63 = G \ {ei, 62, 63}. For each u^ e S'2 {r + 1 < i < n — 1), we proceed 
to find 64, 65, ■ • ■ , e„_i_,- in the same way. Let M' — {ei, 62, ■ ■ ■ , e„_i_r} and G„_i_,- = G \ AI' . Then 
G„_i-,-[S] = G[S] \ M' and the tree T — vui U vu2 U • ■ • U vUr U ei U 62 U ■ • ■ U e„_i_r is our desired tree. 
Set G' ^G\ E{T) (note that G'[S] = G„_i_^[S]). 



Claim 1. For each Uj G Si (1 < j < r), dQ,[g]{uj) > 



1 ■ 



Proof of Claim 1. Assume, to the contrary, that there exists one vertex Up £ Si such that dQr[s]i'Up) < 
2^. By the above procedure, there exists a vertex Ug G S2 such that when we pick up the edge e,; 



Mp LLq 



from Gi_i[S] the degree of Mp in Gi[S] is equal to ^^. That is dGi[s]{up) 



n— 3 
2 



and da i^,[s]{up) 



From our procedure, |i?G[Mg,Si]| ~ \EGi_i[uq,Si]\. Without loss of generality, let |i?G[Mg,Si]| = t and 



UqUj g E{G) for 1 < j < t; see Figure 1 {b). Thus Up e {ui,U2, ■ • ■ , ut}. Recall that |£^g[mj"j S'l]] > 3 for 
each Uj e 5*2 (r + 1 < j < n—1). Since Uq g 5*2, we have t > 3. Clearly, UqUj ^ E{G) and hence UqUj e M 
for t + 1 < j < r by our procedure, namely, \Ex„[M][uq, Si\\ — r — t. Since dG;_j[5](up) = ^^^-j^, by our 
procedure dQ^_^Ys\{'^i) 5: ■^^^ for each Wj & Si {1 < j < t). Assume, to the contrary, that there is a vertex 
Us {1 < s < t) such that dQ._^ig-i{us) > ^^-^- Then we should choose the edge UqUs instead of e,; = UqUp by 
our procedure, a contradiction. We conclude that dQ._^[s]{'^j) < ■^^ for each Uj E Si {1 < i < t). Clearly, 
there are at least n — 2 — ^^^^ edges incident to each Uj (1 < j < t) that belong to M U {ei, 62, • • ■ , et-i). 
Since z < n — 1 — r, we have X^i^i dK„[M] (uj) > (n — 2 — ^^^)t — (i — 1) > ^^^t — (71 — 1 — r) and hence 
\M\ > dK^[M]{v) + Y.]=i dK„[M]iuj) + |^K„[A/]K, Si]\ > (?i - 1 - r) + ^t - {n - I - r) + {r - t) ^ 
r + ^i > ^ + ^^^ = 2?i - 7, which contradicts to |A/| = n - 2. 

From Claim 1, dQ,[g]{uj) > ^^^ for each Uj E Si {I < i < r). For each Uj E S2 {r + 1 < j < n — 1), 
dG'[s]iuj) = dG[s]{uj) - I = dciuj) - I > 6{G) - 1 > ^. So 6{G'[S]) > ^. Combining this with 
e{G'[S]) = e(G) - (n - I) = (""2), G^S] contains ^ spanning trees by From (1) of Lemma [3 These 
trees together with the tree T are ^^^-j^ trees connecting S*, namely, k„_i(G) > ^^y^- □ 

Lemma 9. If n {n > 10) is even and G ~ Kn \ M such that \M\ = ^^y^ and dciui) > ^^, then 
K„_2(G) > -^^Y^, where ui is a second minimal degree vertex in G. 

Proof. It is clear that e(G) = ("3 ^) + f = ("^ ^) ~^. Let w be the vertex such that dciv) = 5{G) = r. 
Let S = F(G) \v = {ui,--- ,w„_i}. Without loss of generality, let Si = {iti,--- ,Ur} such that 
?;Mi e £;(G) (1 < i < r). Then ^2 = 5 \ 5i = {wr+i, • • • , Wn-i} such that vu^ e M {r + I < i < n - 1). 
We have the following two cases to consider. 

Case 1. 1 < 5{G) < ^. 

If dciv) = <5(G) = 1, then e(G ~v)~ ("2 ^) ~ ^^^r^i which implies that G — w is a graph obtained from 
a clique of order n — 1 by deleting ^^^^^ edges. From Corollary [1] and Observation [I] k„_i(G — u) = ^^^. 
Therefore, k„_i(G) > 2:^. Suppose S{G) > 2. Since (5(G) < ^, dx„[M](w) > n - 1 - ^ = f and 
hence \M n i^jJiS*]! < n — 3. Since dciui) > ^-^ where ui is a second minimal degree vertex, we have 
S{G[S]) > ^. 

First, we consider the case 5{G[S]) > ^. We claim that there are at most two vertices of degree 
^ in G[S]. Assume, to the contrary, that there arc three vertices of degree ^ in G[S], say mi,M2,W3. 
Then dciu,) < ^±2 for i = 1,2,3 and hence dx„[M](ui) > ^- Therefore, \M\ > dif„[M](u) + 
J2i=i dK„[M]{''^i) > f + 3 ■ ^^ = ^"2^^ = 2n — 6 > ^"2"^ 1 ^ contradiction. From the above, we conclude 
that there exist at most two vertices in G[S] with degree ^. Since S{G[S]) > § > ^^^, from Theorem|3] 
G[S] is Hamiltonian and hence G[S] contains a Hamilton cycle G. Then the vertices ui,U2, ■ ■ • ,Ur divide 
the cycle G into r paths, say Pi,P2, ■ ■ ■ ,Pr- We choose one edge e^ G E{Pi) (1 < i < r) to delete that 
satisfies the following conditions: 

O if there are two vertices of degree ^, say ui,U2 in G[S], then e,; is chosen as any edge in Pi that is 
incident with at least one of ui, U2; 

@ if there is at most one vertex of degree ^, then e,; is chosen as any edge in Pi. 

Then T = vui U vu2 U ■ • • vur U (Pi \ ei) U (P2 \ £2) ■ ■ • {Pr \ Gr) is a Steiner tree connecting S. Set 
Gi = G \ E{T). Obviously, S{Gi[S]) > ^^^ and there is at most one vertex of degree ^^y^. Combining 
this with e{Gi[S]) = e(G) - (n - 1) = ("3^) - 2:^^, Gi[S'] contains ^ spanning trees by (2) of Lemma 
[71 These trees together with the tree T are ^^^ trees connecting 5*, namely, k„_i(G) > ^i^. 



Next, we focus on the case that S{G[S]) 
exists a vertex, say wi, such that dG[s](^i) = 



2 

Tt-4 

2 ■ 



and S{G[S]) = ^. If S{G[S]) = ^, then there 
Since the degree of a second minimal degree vertex 



is not less than 



we have ui €z Si. Thus dciui) 



and vui 6 E{G). If (5(G[5] 



then 



there exists a vertex, say wi, such that (i(5[5](wi) = ^^^ and ui 6 Si, or dcfsjl'^i) == '^^^ ^-nd ui e 52- 
Thus dG{ui) ~ 2. and ui G 5*1, or (iG(iti) = ^^^^ and ui G 5*2. We only give the proof of the case that 
dciui) = 2: and ui G 5*1. The other two cases can be proved similarly. 

Suppose dQ{ui) ~ J and ui G 5*1. Similar to the proof of Lemma [51 we want to find out a tree 
connecting S with root v, say T. Let Gi = G\E{T). We hope that the graph Gi[S'] satisfies the conditions 
of (2) of Lemma [71 Thus there are ^^^^ spanning trees connecting S in Gi[S']. These trees together with 
the tree T are ^^ trees connecting S, namely, k„_i(G) > ^^^. Let S[ = Si\ui and S' = S[LiS2- Let us 
focus on the graph G[5J]. If r = 2, then G[S'] is a graph obtained from a clique of order n — 2 by deleting 
one edge since dx^[M]{ui) = ^^^ and dK„[M]{v) = n — 3 and |i\/| = "^""^ . Without loss of generality, 
let Na{v) = {ui,U2}- Clearly, G[S'] contains a Hamilton path P with U2 as one of its endpoints. Then 
T = vui U VU2 U P. Set Gi = G \ EiT). Thus S{Gi[S']) = S{G[S']) - 2 > n ~ 4 - 2 = n - 6 > ^. 

: -^^Y^, the result follows by Lemma [71 Now assume r > 3. Since 
and |^/| = '^'V^ 1 G[S"] is a graph obtained from the complete graph 



Combining this with d^^ [51(^1) = 

dK^[M]{ui) = ^, dK„[M]{v) > f 

Kn-2 by deleting at most ^^^-^ edges and hence (S(G[S"]) > n — 3 — ^^-j^ = ^^^- It is clear that there exist 
at least two vertices of degree n — 3 and there is also at most one vertex of degree ^^^ in G[S"]. Without 
loss of generality, let Ut^ , Ui^ be two vertices of degree n — 3. 




Figure 2. Graphs for Case 1 of Lemma [51 



If Ui-^^Ui^ G S'l, without loss of generality, let u^^ — U2 and Ui^ — Ur, then the tree T = vui U 
• ■ • U vur U U2Ur+i U ■ • • U U2U^^ri^ U UrW^_,_ ^^ ^j^ U • • • U u^Un-i is a Steiucr tree connecting S; see 
Figure 2 (a). Set Gi = G \ E{T). Clearly, dG,[s](wi) = ^, f^Gi[s](w2) >7i-3-S^>^and 
c«Gi[S](wr) = (n - 3) - (n - 1 - r - ^) = r - 2 + ^ > S_^. For u, G ^2 (r + 1 < i < n - 1), 
^Gi[s]("i) i^ ■^^ and there is at most one vertex of degree ^^^^ in Gi[S']. So 5{Gi[S]) > ^^^ and there is 
at most one vertex of degree ^^ in Gi [S], as desired. If Ui^ G S'l and u^^ G 5*2, without loss of generality, 
let Ui, = U2 and m,-., = Un-i , then the tree T = vui U- • -UuMrUu^Ur+i U- ■ -Uuou^.n-i Uu„_im„ , n-4 , , U 



= G \ E{T). One can see that 
5{Gi[S]) > ^^-^ and there is at most one vertex of degree ^^^^ in Gi[S'], as desired. Let us consider 



U Un-iUn-2 U Un-iUr is our dcsircd tree; see Figure 2 (&). Set Gi 



the remaining case Ui-^,Ui^ G 6*2. Without loss of generality, let Ui-^ - 

T ~ VUi U ■ • • U VUr U Un-2Ur+l U • ■ • U Wn-2Ur+.2— ^ ^ ^n-lU^.r;^^,^ U 



Un-i and Ui.^ = w„_2- The tree 

• ■ U M„_iM„_3 U U2Un-2 U U„-iUr 

is our desired tree; see Figure 2 (c). Set Gi = G \ E{T). One can see that 5(Gi[S']) > ^^ and there is 
at most one vertex of degree ^i^ in Gi[5]. Using (2) of Lemma [71 we can get k„_i(G) > ^^'^■ 



Case 2. f < 5{G) <n-l. 

Recall that ^i = {ui, •••,■( 
|5i|=r = J(G)>f and 1^21 = 



.} with VUi G £^(G) and S2 ~ S \ Si ~ {u,.+i,--- ,Wri-i}- Obviously, 

For each Uj G 5*2 (r + 1 < j < n — 1), Uj has 



1 — 7' < n — 1 



7t-2 
2 ■ 
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at most ^^ neighbors in 52 and hence | i?G [^tj, 5'i]| > f — ^^ = 2 since daiuj) > (5(G) > |. Clearly, 
the tree T' = vui U vu2 U • • ■ U vur is a Steiner tree connecting 5*1 . Our idea is to seek for n—l — r edges in 
Ea[Si, S2] and combine them with T' to form a Steiner tree connecting S. We employ the method used in 
Case 2 of Lemma [8l Choose the one with the smallest subscript among all the maximum degree vertices 
in 5*2, say u'^. Then we search for the vertex adjacent to u[ with the smallest subscript among all the 
maximum degree vertices in 5*1, say u". Let ei = u[u'{. Consider the graph Gi ~ G\ei. Pick up the one 
with the smallest subscript among all the maximum degree vertices in S2 \ m'i , say u'2 ■ Then we search for 
the vertex adjacent to U2 with the smallest subscript among all the maximum degree vertices in Si , say ui^. 
Set 62 = U2'"2- We consider the graph G2 = Gi\ei = G\{ei, 62}. For each Ui G ^2 (r + l < i < n~l), we 
proceed to find 63, 64, • ■ • , e„_i_r in the same way. Let M' — {ei, 62, ■ • ■ , e„_i_r} and G„-i-r = G\M'. 
Then Gn-i-r[S] ~ G[S] \ M' and the tree T ~ vui U vu2 U • • ■ U vUr U ei U 62 U ■ • • U e„_i_r is our desired 
tree. Set G' ^G\ E{T) (note that G'[S] ^ G^-i-r\S\). 

Claim 2. For each Uj ^ S\ (1 < J < r), dQiyg^iuj) > ^^^ and there exists at most one vertex of degree 



-4 



2 



in G'[S]. 



Proof of Claim 2. First, we prove that for each Uj & Si {1 < j < r), dG'[s]{uj) > ^3^. Assume, to 
the contrary, that there exists one vertex Up S 5*1 such that dG'[s]{up) < ^^^y^- By the above procedure, 
there exists a vertex Uq e ^2 such that when we pick up the edge e^ = UpUq from Gi_i[5] the degree 
of Up in Gi[S] is equal to 2:^. That is dGi[s](^p) = ■^V^ ^^id dGi_i[s]("p) — ^^- From our procedure, 
\EG[uq,Si]\ ~ \EGi_i[uq,Si]\. Without loss of generality, let |i?G[Mg, S'lJI = t and UqUj G E{G) for 
1 < j < t; see Figure 1 (&). Thus Up G {ui,U2,--- ,ut}- Recall that |i?G[Mi, S'l]! > 2 for each Uj E 
S2 {r + 1 < j < n — 1). Since Uq G 5*2, we have t > 2. Clearly, UqUj ^ E{G) and hence UqUj G M 
for t+\<j<r hy our procedure, namely, \Ex„[M][uq, Si\\ ~ r — t. Since rfG,_i[s]('"p) = ^^T^' ^^ '^^^ 
procedure dGi_i[s](wj) ^ ■^^ for ^ach Uj G 5i (1 < j < t). Assume, to the contrary, that there is a vertex 
Ws (1 < s < i) such that dGi_i[S]("s) > ^^r^- Then we should choose the edge UqUs instead of e,; = UqUp by 
our procedure, a contradiction. We conclude that dGi_i[s](uj) < -^^ for each Uj € Si {1 < i < t). Clearly, 
there are at least n — 2 — ^^^ edges incident to each Uj (1 < j < t) that belong to M U {ei, 62, • • ■ , ei-i}. 
Since i < n — 1 — r, we have X]?=i dK,^[M\ {^j) > (n — 2 — ^^^^)t ~ (* ~ 1) i^ ^t ~ {n ~ 2 — r) and hence 
|M| > dif,.[M](v) + Ej=i dK„[M]{uj) + \EK„[M][uq,Si]\ > (n - 1 - r) + f t - (n - 2 - r) + (r - t) = 
r + 1 + ^t > f + 1 + ^^^ = ^^, which contradicts to |il/| = 2i^. 

Next, we consider to prove that there exists at most one vertex of degree ^^-^ in G'[S']. Assume, to 
the contrary, that there exist two vertices of degree ^^^ in G'[5], say Up',Up. By the above procedure, 
there exists a vertex Uqi G S2 such that when we pick up the edge e^' = UpiUqi from Gii-i[S] the degree 
of Up in Gi' [S"] is equal to ^2-^, that is dQ.,\s^{upi) = ^^y^- By the same reason, there exists a vertex 
Uq G S2 such that when we pick up the edge e^ ~ UpUq from Gi_i[S'] the degree of Up in G^S"] is 
equal to -^^y^, that is, dQ.\^s]{up) — ^^y^ and <iGi_i[s]("p) ~ ^^T^- Without loss of generality, let i' < i. 
From our procedure, |i<^G[Mi}, 'S'i]| = |-EGi_i ["q, S'l]]. Without loss of generality, let |i?G[wg, S*!]] = t and 
UqUj G E{G) for 1 < j <t; see Figure 1 (6). Thus Up G {mi, U2, • • • , Ut}- Recall that |i?G[Mj"j 5'i]| > 2 for 
each Uj E S2 {i' + l<j<n— 1). Since Uq G S2, we have t > 2. Then u^Uj ^ E{G) and hence WgUj G Af 
for t + 1 < i < r- by our procedure, namely, \EK„[M\[uq, Si\\ ~ r — t. Since dGi_i[s]('"p) = ^^^r^i by our 
procedure dGi_^[s\[uj) < ■^^y^ for each mj G 5i (1 < j < t). Assume, to the contrary, that there is a vertex 
Us (1 < s < i) such that (iGi_i[S](ws) ^ f • Then we should choose the edge UqUs instead of e^ ~ UqUp 
by our procedure, a contradiction. We conclude that c?Gi_i[S]('"j) ^ ■^^y^ for each w^- G Si (1 < i < t). 
If Mp' G {ui,--- ,Ui}, without loss of generality, let Upi ~ ui, then d^^^[^/](ui) + X]7=2 '^^,i[M](%) ^ 
(n - 2 - dG,_i[5](^i)) + (n - 2 - ^)(f - 1) - (* - 1) > (n - 2 - dG.,[5]("i)) + ^(^ - 1) - (* - 1) > 
(r7,-2-^) + ^(t-l)-(n-2-r) = ^^i-ri + S + r since i < n-l-r. Since t > 2 and r > f , we have 
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\M\ > dK^^[M]{v) + dK„[M]{ui) + J2j^2dK„[M]iuj) + \EK„[M][uq, Si]\ > (n-l-r) + (^t-n + 3 + r) + (r- 



t) = ^t + r + 2> ^^^^ + ^ + 2 > ^^, which contradicts to \M\ = ^^. If Wp- ^ {wj, • ■ • , ut}, then 



Up, e {ut+i,--- ,Ur} and dK„[M]{up')+T!j^idK„[M]{uj) > {ji~2-dG,_,[s]{up')) + {n-2-^)t-{i-l) > 
(n - 2 - dG.,[5](v)) + ^^ - (^ - 1) > (n - 2 - 2:3^) + ^f - (n - 2 - r) := ^(t + l)-n + 3 + r 
since i < n — 1 — ?-. Since t > 2 and r > ^, we have |A/| > rf^-^fA/] (v) + dK„[M] ("p') + X)?=i <^i<'„[M] (wj) + 
(|£^k„[m][m9,5i]| - 1) > (n - 1 - r) + ^(t + 1) - n + 3 + r + (r - 1 - t) = r + 1 + ^t + ^ > 
f + 1 + ^(l^ + "^ = 2n - 4, which contradicts to \AI\ = 22^. The proof of this claim is complete. 

From Claim 2, rfG'[S](%) ^ '^^r^ for each Uj 6 5*1 (1 < i < r) and and there exists at most one vertex 
of degree ^^ in G'[S]. For each Uj G S2 {r + l<j<n~ 1), dG'[s]{'U'j) — dG[s]iuj) — 1 = dciuj) — 1 > 
5{G)-1 > ^^. So S{G'[S]) > ^^ and there exists at most one vertex of degree ^^ in G'[S]. Combining 
this with e{G'[S]) = e{G) - (n - 1) = ("2^) - '-i^, G'[S] contains ^ spanning trees by (2) of Lemma 
[71 These trees together with the tree T are ^iz^ trees connecting S, namely, k„_i(G) > ^3^- □ 

Proposition 3. For a connected graph G of order n {n > 11), k„_i(G) = ["^^T^J if o.nd only ifG ~ Kn\M 
and AI C E{Kn) satisfies one of the following conditions: 



• 



• 



1 < |i\/| <n-2 for n odd; 
§ < l-^^l ^ n for n even; 



• n + 1 < \M\ < 2 '^''^d dciui) > '-'h^ where u\ is a second minimal degree vertex in G for n even. 

Proof. For n odd, if G is a connected graph of order n such that k„_i(G) = ^^x'"; then we can consider 
G as the graph obtained from a complete graph K^ by deleting some edges. Set G = Kn \ M where 
M C E{Kr,). From Proposition [2 \M\ > 1. Combining this with (3) of LemmaH 1 < \M\ <n-2. For 
n even, if G is a connected graph of order n such that k,i_i(G) = -^^y^, then we let G = A'„ \ M, where 
M C E{K„)- From Proposition [2 |M| > f. Combining this with (1) of Lemma El f < \M\ < ^^. 
Furthermore, for n + 1 < \M\ < ^"~^ we have dciui) > ^^^^ by (2) of Lemma [H where ui is a second 
minimal degree vertex. So f < \M\ < n, or n + 1 < \M\ < ^^ and dciui) > ^. 

Conversely, assume that G is a graph satisfying one of the conditions of this proposition. Then we 
win show K„_i(G) = L^J- For n odd, G = Kn\M and M C E{Kn) such that 1 < |Af | < n - 2. In 
fact, we only need to show that k„_i(G) > [^^y^J for \M\ = ?i — 2. It follows by Lemma [H Combining 
with PropositionlH k„_i(G) = L^J- For n even, G = A'„\M and M C £'(A'„) such that | < \M\ < n, 
or n + 1 < \M\ < ^"2^ and dc{ui) > ^^^ where ui is a second minimal degree vertex. Actually, for 
f < |-A/| < n, we claim that doiui) > ^^^, where ui is a second minimal degree vertex. Otherwise, let 
doiui) < ^^^- Let V be the vertex such that dc{v) = 5{G). From the definition of the second minimal 
degree vertex, dciv) < dciui) < ^^^ and hence (ii<-^[M](t^) > dK„[M]{ui) > n— 1 — ^^^ = ^^^. Therefore, 
\M\ > dK^[M]{v) + dK„[M](ui) >n + 2, a contradiction. So we only need to show that k„_i(G) > L'^^r^J 
for \M\ ~ •^"~^ and da{ui) > ^^-^ where wi is a second minimal degree vertex. It follows by LemmaJHl 
From this together with Proposition [1] k„_i(G) = [^^-^J. □ 

Proposition 4. For a connected graph G of order n (?7 > 11), A„_i(G) = [-^^^J if and only ifG ~ Kn\M 
and AI C E(Kn) satisfies one of the following conditions. 

• 1 < \M\ <n-2 forn odd; 

• § ^ l-^^l ^ ^^■ for n even; 

• n + 1 < \AI\ < •^""^ and dciui) > ^^^ where ui is a second minimal degree vertex in G for n even. 
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Proof. Assume that G is a connected graph satisfying the conditions of Proposition 2] From Observation 
[T]and Proposition 131 it follows that Xn-i{G) > Kn-i{G) = [^^^^J- Combining this with Proposition [^ 
A„_i (G) = [^^-j^J • Conversely, if A„_i(G) = [^^^^J , then from Lemma[B]we have G = Kn \ M for n odd, 
where AI is an edge set such that 1 < \M\ < ?7 — 2; G ~ Kn \ M for n even, where M is an edge set such 
that f < |Af I < 71, or 71 + 1 < \M\ < 2i^ and daiui) > ^. D 

3.2 The subcase l<i< [^J 

Now we consider the case 1 < I < L^^T^J ■ 

Lemma 10. Let H is a connected graph of order n~l (n > 12). If e{H) = ("2 ) +2^— (n — 1) (1 < i < 
L^^T^J) '^'^'^ ^{^) ^ ^ '^^^ ^''^y ^^"^ vertices of degree I are nonadjacent, then H contains £ edge-disjoint 
spanning trees. 

Proof. Let ^ ~ IJf^]^ 1^ be a partition of V{G) with \Vi\ ~ Ui {1 < i < p), and £p be the set of edges 
between distinct blocks of ^ in G. It suffices to show \£p\ > £{\^\ — 1) so that we can use Theorcm[T] 

The case p = 1 is trivial, thus we assume p > 2. For p = 2, we have .^ = Vi U V2. Set iV^il = ui. 
Then \V2\ = n - 1 - ui. If rii = 1 or ni = n - 2, then jfa] = |£'g[^i, ^^2]! > £ since S{H) > £. If 
7ii = 2 or 7ii =71 — 3, then 1^2 1 = |£'g[Vi, V2]| > i since S{H) > i and any two vertices of degree £ are 
nonadjacent. Suppose 3 < rii < n-4. Then 1^2 1 = \Eg[Vi,V2]\ > {^'^^) +2£^{n-l)- {'l^) - {^'~^~"^) = 
— rif + (71 — 1)77,1 + 2£ ~ (2n — 3). Since 3 < 77i < n — 4, one can see that 1^2 1 attains its minimum value 
when 771 = 3 or rii = 77 — 4. Thus \£2\ > n — 9 + 2£ > £. So the conclusion holds for p = 2 by Theorem[TJ 

Consider the case p = 3. We wiU show {S^l > 2£. Let ^ = ^i U ^2 U V3 and \Vi\ ^ n, {i = 1,2,3) 
where 7ii + 712 + ?^3 = 77—1. If there are two of 771,712,773 that equals 1, say 771 = 77.2 = 1, then 
1^3 1 > 2£ since 5{H) > £ and any two vertices of degree £ are nonadjacent. If there is at most one of 
"i,"2,"3 that equals 1, then we need to prove that {S^l > ("2^) + 2£ — (71 — 1) — J2i=i C2) — ^^- ^i^'^^ 
/ (77,1, 77,2, 77,3) = X]i=i C2) s-ttains its maximum value when 771 = 1, 772 = 2 and 773 = 77 — 4, we need the 
inequality ("2^) + 2£ — {n — 1) — ("9 ) — 1 > 2£. Since 77 > 12, the inequality holds. So the conclusion 
holds for 77 = 3 by Theorem[TJ For p = 77 — 1, we will show |£„_i| > ^(71 — 2) so that we can use Theorem 
[H That is ("2^) + 2^ - (n - 1) > £(77 - 2). Thus we need the inequality (77 - 2 - 2£){n - 4) - 77 > 0. 
Since £ < [^^^\, the inequality holds. For p = 77, — 2, we need to prove |f„-2| > f-{n — 3). Clearly, 
|'?«-2| > ("2^) + 2£ - (77 - 1) - 1 > £(77 - 3). Thus we need the inequality (77 - 2 - 2£) (77 - 5) - 4 > 0. 
Since £ < [-^^y^J, this inequality holds. 

Let us consider the remaining case p with 4 < p < 77 — 4. Clearly, we need to prove that \£p\ > 
("-') +2i- (77 - 1) - ELi ("2 ) > ^(P - 1)' that is, ("-^f-^^ +2£-{n-l)-£p + £> ELi ("2 )• 
Since /(rii, 712, ■ • ■ , rip) = Y^^=i {"2) a-chieves its maximum value when rii = 77,2 = • • ■ = ip-i = 1 and 
77p = 77 — p, we need the inequality ("~ K"~ ) _|_ 3^ „ (|^ _ ]_) — £p > ("~p)(^~p~ ) ^ n jg equivalent to 
(277, ~ 2£ ~ p — 4:){p — 3) > 4. One can see that the inequality holds since £ < ^^^^ and 4 < p < 77 — 4. 
From Theorem [Tl we know that there exist £ edge-disjoint spanning trees. D 

Lemma 11. Let G be a connected graph of order n {n > 12). //e(G) > ("2^) + 2£ (1 < i < L^J), 
(5(G) > £ + 1 and any two vertices of degree £ + I are nonadjacent, then k„_i(G) > £ + I. 

Proof. The following claim can be easily proved. 
Claim 3. A(G) > ti - 4. 
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Proof of Claim 3. Assume, to the contrary, that A(G) < n - 5. Then {n - 2){n - 3) + 4£ = 2e(G) < 
nA{G) < n{n — 5), which imphes that 4^ + 6 < 0, a contradiction. 

From Claim 3, n — 4 < A(G) < n — 1. Our basic idea is to find out a Steiner tree T connecting 
S = ViG) \ V, where v € V{G) such that dciv) = A(G). Let Gi = G \ E{T). Then we prove that Gi [S] 
satisfies the conditions of Lemma [TU] so that Gi[S'] contains i spanning trees. These trees together with 
the tree T are £+1 internally disjoint trees connecting S, which implies that 7t„_i(G) > £ + 1, as desired. 
We distinguish the following four cases to show this lemma. 

If A(G) =71 — 1, then there exists a vertex v G V{G) such that dciv) = n — 1. Let S = V{G) \v = 
{wi, U2, ■ • • , u„-i}. Then T — uiv U U2V U • • • U w„_iw is a tree connecting S. Set Gi = G \ E{T). Since 
(5(G) > £ + 1 and any two vertices of degree £ + 1 are nonadjacent, it follows that 6{Gi[S]) > £ and any 
two vertices of degree £ are nonadjacent. From Lemma [TUJ Gi[/S'] contains i spanning trees, as desired. 

Consider the case A(G) = 7i - 4. We claim that 6{G) > i + 4. Otherwise, let S{G) < £ + 3. 
Then there exists a vertex u such that ddu) < £ + 3. Then 2[("2 ^) + 2£] = 2e(G) = E«Gy(G) '^(^) - 
dG{u) + {n-l)A{G) < (£ + 3) + (ri -l)(n- 4), which results in £ < i, a contradiction. Since A(G) = n-4, 
there exists a vertex v G V{G) such that dG{v) = n — 4. Let S = V{G) \v — {ui, ■ ■ ■ ,u„_i} such 
that vUn-i,vu„-2,vUn-3 ^ E{G). Pick up Ui S iVG(u„_i),Wj G NG{u„^2),Uk £ Naiuns) (note that 
Ui, Uj,Uk are not necessarily different). Then the tree T = vuiUvu2U- • •Uwu„_4UuiWn_iUujU„_2UufcM„_i 
is our desired. Set Gi = G \ E{T). Since 6{G) > £ + 4, Gi[S] contains at most one vertex of degree £, as 
desired. 

If A(G) = ri — 2, then there exists a vertex of degree n — 2 in G, say v. Let S = G \ v ^ 
{ui,U2, • ■ • ,M,i_i} such that m„_i is the unique vertex with Un-iv ^ E{G). Let daiun-i) = x. With- 
out loss of generality, let Naiun^i) = {wi,--- ,U2^}. Since 5{G) >£ + l, x>£ + l>2. First, 
we consider the case x > 3. We claim that there exists a vertex, say u^ (1 < i < x), such that 
dciui) >£ + ?>. Otherwise, let dciuj) < £ + 2 for each Uj (1 < j < x). Then (n - 2)(n - 3) + 4£ = 
2e(G) < dG{un-i) + dG{v)+Yfj=i rfG(uj) +EJ=x+i '^g(wj) < x + (71 - 2) + {£ + 2)x + {n - 2-x){n - 2) 
and hence x < ^"~^^~'^ . Since a; > 3, n + £ — 11 < 0, which contradicts to n > 12. So there exists a 
vertex, say Ui {1 < i < x), such that dciui) > £ + 3. Then the tree T = uwi U vu2 U • ■ • U vUn-2 U Un^iUi 
is our desired. Set Gi = G \ E{T). It is clear that ^(Gi[S']) > £ and any two vertices of degree 
£ are nonadjacent, as desired. Next, we consider the case x = 2. Then £ ~ 1, ^^(wn-i) — 2 and 
A^g(uti-i) = {^*i,it2}- Let p be the number of vertices of degree 2 in G. We claim < p < 3. 
Otherwise, let p > 4. Then 2 ("3^) + 4 = 2e(G) = Et,ev(G) ^(") ^ 2p + (71 - p) (71 - 2) and hence 
P ^ ^'^14° . Since p > 4, it follows that 71 < 6, a contradiction. So < p < 3. If p = 3, then there 
are three vertices of degree 2, say vi,V2,V3. Let Gi = G \ {wi,U2,W3}. Since the three vertices are 
pairwise nonadjacent, |y(Gi)| = 71 — 3 and e(Gi) = ("2^) + 2 — 6 = ("2^) ^ 4 > ("2'^)^ ^ contradic- 
tion. So we can assume 0<p<2. Ifj) = 2, then there are two vertices of degree 2, say ui,U2. Let 
Gi = G\ {vi, W2}- Then Gi is a graph obtained from a clique of order n — 2 by deleting 2 edges and hence 
'i^„-2(Gi) > [^^^-j^J — 2 > 2, that is, Gi contains two spanning trees, say T[,T2. Let Ng{vi) = {ui,U2}, 
the trees Ti = T[ U viUi {i = 1,2) are two Steiner trees connecting S = V{G) \ V2, which implies that 
K„_i(G) > 2. So we now assume < p < 1. Consider the casep = 1. lidGiun-i) = 2, then dGiuj) > 3 for 
each Uj (1 < j < 71 — 2). Recall that A^g(m„_i) = {iti, U2}, certainly we have dG{uj) > 3 (j = 1, 2). Then 
the tree T = vui\Jvu2^- ■ ■Uwu„_2Umiu„_i is a Steiner tree connecting 5* = V{G)\v. Set Gi = G\E{T). 
Clearly, dGi[s](ui) > 1, dGi[s]{un-i) = 1 and uiUn-i ^ i?(Gi[S']). In addition, the degree of the other 
vertices in Gi[S'] is at least 2, as desired. Assume ^^(un-i) > 3. Let Ui be the vertex of degree 2 in 
V{G) \ {v,Un-i}- If Ui G AfG(wn-i), then there is another vertex Uj G A'g(u„_i) such that dG{uj) > 3 
since p = 1. Then the tree T = vui U 7;u2 U ■ • ■ U fu„„2 U UjU„_i is our desired. Set Gi = G \ E(T). 
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Obviously, dGi[S]("i) = li '^Gi[S](^j) ^ 1; '^Gi[s]("n-i) ^ 2, UiUj ^ i?(G'i[S']) and the degree of the other 
vertices in Gi[S'] is at least 2, as desired. If Ui ^ No{un-i), then there exists a vertex Uj € 7Vg(u„_i) 
such that dciuj) > 3 and UiUj ^ E{G). Thus the tree T = i;ui U vu2 U • ■ • U vun^2 U UjU„_i is our 
desired. Set d = G\E(T). Clearly, dGi[s]K) - 1, dG,[s]{ut) > 1, dGi[5]("n-i) > 2, m,Wj ^ S(Gi[^]) 
and the degree of the other vertices in Gi[S'] is at least 2, as desired. For the remaining case p ~ 0, we 
choose a vertex Uj € Nciun^i) and the tree T = vui U vu2 U • • • U tm„_2 U UjUn-i is our desired. Set 
Gi = G\ E{T). Clearly, (5(Gi[S']) > 1 and there is at most one vertex of degree 1, as desired. 

Let us consider the remaining case A(G) = n — 3. Then there exists a vertex of degree n — 3, say v. Let 
p be the number of vertices of degree £+1. Since (n — 2)(n — 3) + 4£ = 2e(G) < p[i+\)-\-{n — p){n — i), it 
follows that p < 2»-4^-6 Consider the case £ > 2. Since p < ^"^^"^ , if n > 2 then ^ < 1 , a contradiction. 
SoO <p< 1 for2 < £< L^J- Let V^(G)\w = {iti,--- ,-u„_i} such that wm„_i, wu„_2 ^ £^(G). Without 
loss of generality, let dciun-i) > dG{un-2)- For vertex m G V^(G), we choose (. + 1 vertices in Ng{u), say 
ui,U2, • ■ • , U£+i and the following claim can be easily proved. 

Claim 4. For i >2, there exists a vertex Ui e Ng{u) such that dciui) > £ + 4 {1 < i < i + 1). 

Proof of Claim 4. Assume, to the contrary, that dduj) < £ + 3 for each Uj {I < j < i + 1). Then 
(n - 2)(n - 3) + 4£ = 2e(G) < (^ + 1)(£ + 3) + (n - ^ - l)(n - 3) and hence {£ - l)(n - 3) < ^^ ^ 3. So 
n-3 < ^j^ =£ + l + jl^ <£ + 5< '-^, which contradicts to n > 12. 

First, we consider the case u„_iu„_2 G E{G). From the above, < p < 1 for 2 < £ < [^^-j^J, that 
is, there is at most one vertex of degree £ + 1 in G. If dG{un-2) = ^ + 1, then dciun-i) > £ + 2 and 
hence there exists a vertex Ui G Nciun^i) \ u„_2 such that ddui) > ^ + 4 by Claim 4. Then the tree 
T = vui U VU2 U • • • U vUn-3 U UiUn-i U it„_iu„_2 IS a Steiner tree connecting S ~ V{G) \ v. Clearly, 
c^Gi[5](wn-i) > daiun-i) - 2 > £, dGi[s\{un-2) = rfG(wn-2) - 1 = ^ and Un~2Un~-i ^ £^(Gi). In addition, 
c^Gi[5]("i) > rfG(Mj)-2 > £+2 and dG^[s]{uj) > daiuj)-! > £+1 for each u^ g y(G)\{u„_i, u„_2, ""»,«}. 
Thus (S(Gi[S']) > £ and any two vertices of degree £ are nonadjacent, as desired. If dG{un~2) > ^ + 2, 
then dciun-i) > dG{un-2) > £ + 2. From Claim 4, there exist two vertices, say Ui,Uj, such that 
u, e Nciun-i) \ Un-2, Uj £ A^G(wn-2) \ "n-i, dciui) > £ + A and dciuj) > £ + 4: (note that Ui,u_,- 
are not necessarily different). Then the tree T ~ vui U vu2 U • ■ • U vun-^ U UiUn-i U UjU„^2 is our 
desired. Set Gi = G\E{T). One can see that Gi[5] satisfies the conditions of Lemma [TUl So we can get 
K„_i(G) > £+1. Next, we consider the case u„_iu„ _ 2 ^ E{G). Then (iG(u„_i) > dQ{un-2) > ^+1. From 
Claim 4, there exist two vertices, say Ui,Uj, such that u,; G Nq(u„-i) \ u„-2, Uj G NG{un~2) \ Un-i, 
doiui) > £ + 4 and daiuj) > £ + 4 (note that Wi,Wj are not necessarily different). Thus the tree 
T = vui U VU2 U • • • U vu„-3 U UiUn-i U UjUn-2 IS our desired. Set Gi = G \ £^(7) and S* = V{G) \ v. 
One can check that 6{Gi[S]) > £ and there is at most one vertex of degree £, as desired. Similar to the 
proof of the case A(G) = n — 2, we can prove that the conclusion holds for £ = 1. The proof is now 
complete. D 

3.3 Results for the maximum generalized local (edge-) connectivity 

Let T-ln be a graph class obtained from the complete graph of order rt — 2 by adding two nonadjacent 
vertices and joining each of them to any £ vertices of A'„_2 • The following theorem summarizes the results 
for a general £. 
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Theorem 4. Let G be a connected graph of order n {n > 12). // k„_i(G) < £ {1 < i < L'^^^J); then 



e(G) < < 



("2 ^) + n - 2, i/ £ = L^J and n is odd; 
("2 ) + n — 4, if £ ^ [^^^2 J and n is even; 



„ , , n — 2, if £ ^ L'^V^^J and n is odd; 



^"-1^ ' n - 2, */ £ = L^ 

^^^Y^, if £ ^ L^^Y^J and n is ewen; 

wit/i equality if and only if G £ Tin for 1 < £ < [^J ; G = Kn\ M where \M\ = n - 1 for £ = [^J 
and n odd; G G Tin for £ ~ L^V^J a?id n even; G = X„ \ e where e € E{Kn) for £ = [-^^^^J a'^d n odd; 
G = Kn \ M where \M\ ^ ^ for £ ^ [s^J and n even; G = !<„ for £ = [s±ij . 

Proof For 1 < £ < L^^J, wc assume that e(G) > ("2^) +2£ + l. Then the foUowing clann is immediate. 

Claim 5. (5(G) > £+1. 

Proof of Claim 5. Assume, to the contrary, that (5(G) < £. Then there exists a vertex v 6 ^(G) such 
that dciv) = 6{G) < £, which resuhs in e(G - w) > e(G) - ^ > ("2^) + £ + 1. Since 1 <£ < [^J, it 
foUows that K„_i(G — v) > £ + 1 by Theorem^ which results in k„_i(G) > £ + 1, a contraciiction. 

From Claim 5, (5(G) > £+1. If any two vertices of degree £+1 are nonadjacent, then k„_i(G) >£+lby 
Lemma [TTl a contradiction. Assume that vi and V2 are two vertices of degree £+1 such that W1W2 G E(G). 
LctGi =G\{wi,V2}andF(Gi) = {ui,--- ,u„_i}. Thcne(Gi) > e(G)-(2£+l) = ("2^-) and hence Gi is 
a clique of order n — 2. Then Gi contains [-^^^J > £ + 1 edge-disjoint spanning trees, say T{,T2, • • ■ , T^'+i- 
Without loss of generality, let Ng{vi) ~ {wi,U2,--- ,u^,U2}. Choose S — {ui,U2, ■ ■ ■ ,u„_i,wi}. Then 
Ti = T[ U viUi (1 < J < £) together with T^+i ~ T^^-^ U W1V2 U V2Ut are £ + 1 internally disjoint 
trees connecting S where ut £ Nq(v2) \ wi, which implies that k„_i(G) > £ + 1, a contradiction. So 
e(G) < ("2^) + 2£ for 1 < £ < [^\. From Proposition H e(G) < ("3^) + 7i - 2 for £ = [^J and n 
odd, and e(G) < ("3 ^) + n - 4 for £ = [s^J and n even. From Proposition [2 e(G) < ("3 ^) + ?i - 2 for 
£ = [HziJ and n odd, and e(G) < ("3^) + ^iz^ for £ = [^J and n even. If £ = [^J, then for any 
connected graph G it follows that k„_i(G) < £ by Observation 2] and hence e(G) < (2). 

Now we characterize the graphs attaining these upper bounds. For £ = L^^^J: if ^(G) = (3), then 
G = A'„. For £ = [^J and n odd, if e(G) = ("" ^) + n - 2, then G = A'„ \ e where e G -E;(ifn). For 
£ = [2^J and n even, if e(G) = ("3 ^) + ^, then G = A'„ \ M where \M\ = f . For £ = [^J and n 
odd, if e(G) = ("2^) + n - 2, then G = A'„ \ M where |M| = n - 1. Assume that e(G) = ("2^) + n - 4 
for £ ~ [-^^Y^J and n even. From Proposition |31 G is a graph obtained from the complete graph Kn-2 
by adding two nonadjacent vertices and adding ^^^ edges between each of them and the complete graph 
Kn-2, that is, G G Jin- 

Let us now focus on the case 1 < £ < L^J- Suppose e(G) = ("2^) -|-2£. Similar to Claim 5, 6{G) > £. 
If (5(G) = £ + 1 and any two vertices of degree £ + 1 are nonadjacent, then k„_i(G) > £ + 1 by Lemma 
[TTl a contradiction. Let vi and V2 be two vertices of degree £ + 1 such that U1U2 6 E{G). It is clear that 
Gi = G \ {wi, V2} is a graph obtained from the complete graph of order n, — 2 by deleting an edge. For 
n odd, from Corollary [l] we have k„_2(Gi) = L^J = ^ > £+ 1 since £ < L^J = ^- For n even, 
from Corollary m it follows that 7c„_2(Gi) > [^J - 1 = 2^ > £ + 1 since £ < [^J = '■^. Clearly, 
Gi contains £ + 1 edge-disjoint spanning trees, say T[, Tg, • • • , T'^_^^. Set Ng{vi) = {iti, M2, ■ • • , u«, ^2}. 
Then Ti = T^UviUi (1 < i < £) and T^+i = T'^,^ UuiW2 UwiMj are £-(-1 internally disjoint trees connecting 
S = V(G) \ V2 where Ut G Ng(v2) \ wi, which implies that k„_i(G) > £ + 1, a contradiction. Suppose 
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S{G) = £. If there exist two vertices of degree £, say 1)1,^2, such that i;iW2 S E{G). Set d = G \ {vi,v2}- 
Then |l^(Gi)| = n - 2 and e(Gi) = ("2^) + 1, a contradiction. 

So we assume that any two vertices of degree £ are nonadjacent in G. Let p be the number of vertices 
of degree £. The foUowing claim can be easily proved. 



Claim 6. 2<p<3. 



Proof of Claim 6. Assume p > 4. Then 2("22) + 4^ = 2e(G) = Y.vev(G) d{v) < p£ + {n - p){n - 1) 



and hence p < ^"_^5.i^ - Since p > 4, it follows that 4n — 4^ — 4 < 4n — 4£ — 6, a contradiction. 
Assume p = 1, that is, G contains exact one vertex of degree £, say wi. Set Gi = G \ wi. Clearly, 
e(Gi) = e(G) - £ = ("3^) + £. Since k„_i(G) < £, it follows that k„_i(Gi) < k„_i(G) < ^. From 
Theorem [2J Gi is a graph obtained from a clique of order n — 2 by adding a vertex of degree £, say W2. 
Since p = 1 and W1W2 ^ E[G), we have ^0(^1) = ^ + 1 and ^0(^2) = ^. Clearly, Gi = G \ {wi,W2} is a 
chque of order n — 2. Thus G\ contains \J^^\ > £ + 1 edge-disjoint spanning trees, say T[,T2,- ■ ■ , r/+i- 
Without loss of generality, let Nc{vi) — {v2,ui, U2, ■ • • , ui}. Then the trees Ti = uiUi U T/ (1 < i < £) 
together with T^+i = T^'+i U U1W2 U U2Mt form £ + 1 edge-disjoint trees connecting S = V{G) \ V2, where 
ut G Nq{v2) \ vi. This implies that k„_i(G) > £ + 1, a contradiction. 

From Claim 6, we know that p = 2, 3. If p = 3, then G contains three vertices of degree £, say vi,V2,v^. 
Set Gi = G \ {wi,W2,W3}- Then \V{Gi)\ = n - 3 and e(Gi) = ("2^) + 2£ ~ U ^ ("2^) - £ > ("2^) 
since 1 < ^ < L^^^J' ^ contradiction. If p = 2, then G contains two vertices of degree €, say ui,W2. 
Set Gi = G \ {wi,W2}- Since ui and V2 are nonadjacent, e(Gi) = e(G) — 2^ = ("" ) and hence Gi is a 
complete graph of order n — 2, which implies that G e T-Ln- D 

The following corollary is immediate from Theorem |4l 
Corollary 3. For I < £ < [^J and n > 12, 



/(n;K„_i <^) = < 



Now we focus on the edge case. 
Theorem 5. Let G be a connected graph of order n {n > 12). // A„_i(G) <£{!<£< L^^J); ^^e'^ 

' ("2')+2^, ^/l<^<L^J; 

/7i — 2\ I r) ^- -f /J I n — 3 I 



"-^) + 2^, 




if 1 <£< [H^^J, or £ = [2^2^] and n is even; 


"2') +2^+1, 


if £ ~ L^^J '^^d, n is odd] 


--')+£, 




if £ ^ L'^^^J '^'^'^ " *'5 even; 


''~')+2£- 


"1, 


if £ — [-^^^J and n is odd; 


2/' 




if£=m^\. 



e(G) < <^ 



2 , I n — 2, if I ^ L^V^^J o,nd n is odd; 

"2 ^) -I- n - 4, if £^ L-^J and n is even; 

"2^)+n-2, if i^[^\ and nis odd; 

"2^ ) + ■^^T^' */ ^ = L'^^T^J '^^"■'^ ^ *'S even; 

2), */^=L^J. 

wjt/i egwa/ify if and only if G £ %„ for I < £ < [^^J ; G = /\„ \ M w/iere |A/| = n - 1 for £ ^ [^^J 
and n odd; G G 7^,i /or £ = L^^T^J ^^'^ '^ eiien; G = /ir„ \ e where e £ E{Kn) for £ = [-^^^J and n odd; 
G = Kn\ M where \M\ ^ ^ for £ ^ [2^J and n even; G = /\„ for £ = [2±iJ . 

Proof Since A„_i(G) < £ (1 < £ < L^J), it follows that k„_i(G) < A„_i(G) < £ and hence e(G) < 
("2^) + 2£ by Theorem H Suppose e(G) = ("2^) + 2£. Since k„_i(G) < A„_i(G) < £, we have G G 7^„ 
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by Theorem m For I = [-^^^J, L^^^i^J ^"^^ L'^V^J' respectively, the conclusion holds by Propositions [5] 
andUl 



D 



Corollary 4. For\<ll.< [2±iJ and n > 12, 



g(7i; A„_i < e) = < 



("2 ^) +2£, if l<i< L^J , or i^ ['-^\ and n is even; 

("-^)+2£ + l, if £^['-^\ andnis odd; 

("2 ^) +e, if e^ L^J and n is even; 

("2^)+2£-l, if i=[^\ andnis odd; 

(2). ^/^=L^J- 



Remark. It is not easy to determine the exact value of f{n;'Kk < €) and g{n;\k < i) for a general 
k. So we hope to give a sharp lower bound of them. We construct a graph G of order n as follows: 
Choose a complete graph Kk-i (1 < ^ < L'^t'"])- For the remaining n — k + 1 vertices, we join each of 
them to any £ vertices of Kk^i. Clearly, k„_i(G) < A„_i(G) < £ and e(G) = C"'^) + {n - k + l)i. So 
f{n;Kk <i)> C's^) + {n-k + l)i and ^(n; Afe < ^) > (''2^) + (n - A: + 1)£. From Theorems g] and E 
we know that these two bounds are sharp for k ~ n,n — 1. 



References 

[1] p. Bartfai, Solution of a problem proposed by P. Erdos(in Hungarian), Mat. Lapok (1960), 175-140. 

[2] B. Bollobas, Extremal Graph Theory, Acdemic press, 1978. 

[3] B. Bollobas, On graphs with at most three independent paths connecting any two vertices, Studia Sci. Math. 
Hungar 1(1966), 137-140. 

[4] B. Bollobas, Cycles and semi-topological configurations, in: "Theory and Applications of graphs" (Y. Alavi 
and D. R. Lick, eds) Lecture Notes in Maths 642, Springer 1978, 66-74. 

[5] J.A. Bendy, U.S.R. Murty, Graph Theory, GTM 244, Springer, 2008. 

[6] G. Chartrand, S. Kappor, L. Lesniak, D. Lick, Generalized connectivity in graphs. Bull. Bombay Math. 
CoUoq. 2(1984), 1-6. 

[7] G. Chartrand, F. Okamoto, P. Zhang, Rainbow trees in graphs and generalized connectivity. Networks 
55(4) (2010), 360-367. 

[8] J. Leonard, On a conjecture of Bollobas and Edros, Period. Math. Hungar. 3(1973), 281-284. 

[9] J. Leonard, On graphs with at most four edge-disjoint paths connecting any two vertices, J. Combin. Theory 
Ser. B 13(1972), 242-250. 

[10] J. Leonard, Graphs with 6-ways, Canad. J. Math. 25(1973), 687-692. 

[11] H. Li, X. Li, Y. Mao, On extremal graphs with at most two internally disjoint Steiner trees connecting any 
three vertices, larXiv:1210.8021| math.CO] 2012. 

[12] H. Li, X. Li, Y. Sun, The generalied i- connectivity of Cartesian product graphs. Discrete Math. Theor. 
Comput. Sci. 14(1)(2012), 43-54. 

[13] S. Li, W. Li, X. Li, The generalized connectivity of complete equipartition 3-partite graphs. Bull. Malays. 
Math. Sci. Soc, in press. 

[14] S. Li, X. Li, Note on the hardness of generalized connectivity, J. Combin. Optim. 24(2012), 389-396. 

[15] S. Li, X. Li, W. Zhou, Sharp bounds for the generalized connectivity K3(G), Discrete Math. 310(2010), 
2147-2163. 

18 



[16] X. Li, Y. Mao, Y. Sun, On the generalized fedae-} connectivity. larXiv:1112.0127l [math. CO] 2011. 

[17] W. Mader, Em Extremalproblem des Zusammenhangin endlichen Graphen, Math. Z. 131(1973), 223-231. 

[18] W. Mader, Grad und lokalerZusamnienhangs von Graphen, Math. Ann. 205(1973), 9-11. 

[19] C.St. J. A, Nash- Williams, Edge-disjonint spanning trees of finite graphs, J. London Math. Soc. 36(1961), 
445-450. 

[20] B. S0rensen, C. Thomassen, On k-rails in graphs, J. Combin. Theory 17(1974), 143-159. 

[21] W. Tutte, On the problem of decomposing a graph into n connected factors, J. London Math. Soc. 36(1961), 
221-230. 



19 



